We derive the exact formula for thermal-equilibrium spacing distribution of one-dimensional particle gas with repulsive potential V (r) = r −α (α > 0) depending on the distance r between the neighboring particles. The calculated distribution is successfully compared with the highway-traffic data, which crowns the long-term searching for the exact form of traffic clearance distributions. In addition to that, the observed correspondence is a strong support of studies applying the equilibrium statistical physics to traffic modelling.
Investigation of one-dimensional particle ensembles seems actually to be very useful for understanding of the complex system called vehicular traffic. Beside the favorite cellular automata, in the recent time new trend appears in the traffic modelling. Application of the equilibrium statistical-physics to non-equilibrium traffic systems has been more times discussed (see for example Ref. [2] and other references in) and successfully demonstrated in the article [6] . There it has been demonstrated that the relevant statistical distributions obtained from the local thermodynamical model are in accord with those from traffic data measured on real freeways by the induction-loop detectors. It opens up an opportunity for finding the exact form of probability density for clear distance among the cars (i.e. clearance distribution in traffic terminology) moving in traffic stream. Up to the present time the question about exact form of clearance distribution has only been a subject of speculations (see the Ref. [5] , [2] ) -never successfully answered.
We aim to use one-dimensional thermodynamical particle gas to the prediction of microscopical structure in traffic flows and consequently make a comparison to the relevant traffic data distributions. Justification for the approach described can be found in Ref. [3] where proved that equilibrium solution of certain family of the particle gases (exposed to the heat bath with the temperature T ≥ 0) is a good approximation for steady-state solution of driven many-particle systems with asymmetrical interactions. Moreover, the possibility for using the thermodynamical approach is supported by the fact that distribution of velocities in traffic sample fully corresponds to the Gaussian distribution (in each traffic-density interval) -see Ref. [2] and [4] . Overall, it is sufficiently justified that traffic systems can be locally described by instruments of equilibrium statistical physics.
Thus, consider N identical particles (cars) on the circle of the circumference L = N. Let x i (i = 1, 2, . . . , N ) denote the circular position of the i−th particle. Put x N +1 = x 1 + 2π, for convenience. Now we introduce the shortranged potential energy
where V (r i ) corresponds to the repulsive two-body potential depending on the distance r i = |x i+1 − x i | N 2π between the neighboring particles only. Nearest-neighbor interaction is chosen with the respect to the realistic behavior of car-driver in traffic sample (see Ref. [6] ). Besides, the potential V (r) has to be defined so that lim r→0+ V (r) = ∞ which prevents particles passing through each other. The hamiltonian of the described ensemble reads as
with the i−th particle velocity v i and the positive constant C. Note that v represents the mean velocity in the ensemble. Then, the appropriate partition function
1 k represents the Boltzmann factor leads us (after 2N − 1 integrations) to the simple assertion that velocity v of particles is Gaussian distributed, i.e.
is the corresponding probability density.
Of larger interest, however, is the spacing distribution P β (r). To calculate the exact form of P β (r) one can restrict the partition function (1) by N velocity-integrations to the reduced form
kT is inverse temperature of the heat bath. Denoting f (r) = e −βV (r) the previous expression changes to
Applying the Laplace transformation (see the Ref. [1] for details) one can obtain
Then the partition function (in the large N limit) can be computed with the help of Laplace inversion
Lp dp.
Its value is well estimated by the approximation in the saddle point B which is determined using the equation
Hence the probability density for spacing r 1 between the particles ♯2 and ♯1 can be then reduced to the form
Supposing N ≫ 1 and using equation (2) we obtain
which leads (after applying the same procedure for every pair of successive particles) to the distribution function for spacing r between arbitrary couple of neighboring particles
Note that constant A assures the normalization ∞ 0 P β (r) dr = 1. Furthermore, returning to the original choice L = N, the mean spacing is
Two above conditions can be understood as equation system for unknown normalization constants A, B.
Let us to proceed to the special variants of the gas studied. Firstly, we draw our attention to the Coulomb gas with the logarithmic potential
Such a gas (usually called Dyson's gas, for example in Ref. [8] ) is frequently used in the many branches of physics (including the traffic research in Ref. [7] ) and the corresponding spacing distribution reads as (see Ref.
[1])
where Γ(ξ) is gamma function. Of larger physical interest, as demonstrated in Ref. [6] , seems actually to be the potential
for α > 0. The aim of the following computational procedure is to normalize the distribution
Consider now the favorable choice α = 1, for which the normalization integrals are exactly expressed as
where K λ is the Mac-Donald's function (modified Bessel's function of the second kind) of order λ, having for λ = 1 and λ = 2 an approximate expression
Applying the equations (6) to the normalization integrals one can determine the exact values of the constants A and B. Both of them can be, moreover, very well estimated by the large β approximations B ≈ 900 β 3 − 16β + 9 + 864β + 256β 2 2 ≈ β + 3 2
and
.
Finally, we investigate the distribution (5) for general α > 0. Although in this case the normalization integrals are not trivially solvable, the scaling (4) leads us to the simple formula
The large β estimation r −α ≈ 1 − α + αr −1 , which holds true for values r around mean distance r ≈ 1, provides the asymptotical formula for normalization constant A : Relative deviation in the approximate value of the normalization constant B as function of parameter β. We display the deviation (10) between the numerical value Bex and the value Best, obtained from the large β approximation (7). The plus signs, squares, triangles, circles and stars correspond to the parameters α = 1, 2, 3, 4, 5, respectively. The tails of the curves are magnified on the insert.
For practical applications it seems to be useful to detect the critical inverse temperature β crit under which the relative deviation between the exact (ex) and estimated (est) values of the constant A (or B)
are larger then the fixed acceptable deviation δ. For these purposes we plot the functional dependence δ B = δ B (β) and δ log(A) = δ log(A) (β) in the Figure 1 and Figure 2 , respectively. We note that the exact values A ex , B ex were determined with the help of the numerical computations. Considering now the tested choice for car-car potential V (r) = r −1 we intend to compare the equilibrium distribution
with the relevant distribution of traffic data measured on the Dutch freeway A9. For these purposes we divide the region of the measured densities ̺ ∈ [0, 85 veh/km/lane] into eighty five equidistant subintervals and separately analyze the data from each one of them. The sketched procedure prevents the undesired mixing of the states with the different inverse temperature β, i.e. with the different vigilance of car drives. The thorough statistical analysis of the traffic data leads to the excellent agreement between clearance distribution computed from traffic data and formula (11) for fitted value of inverse temperature β f it (see Fig. 3 ). We have obtained the fit parameter β f it by a least-square method, i.e. minimizing the error function χ 2 . The deviation χ 2 between the theoretical and empirical clearance distributions is plotted in Fig. 4 (low part). The respective values β f it were carefully analyzed and consecutively visualized in the following Fig. 4 (top part) .
Inverse temperature β of the traffic sample, representing a quantitative description of the alertness of car drivers in a given situation, shows non-trivial dependence on traffic density ̺ (as visible in Fig. 4 -top To conclude we have found the exact form of the thermal-equilibrium spacing distribution for onedimensional traffic gas which neighboring particles are repulsed by the two-body potential V = r −α , where r is their mutual distance. The values of two normalization constants were successfully estimated by the simple approximation. The determined distribution (for α = 1) has been successfully compared to the distance clearance distribution of the freeway traffic samples. The obtained agreement crowns the quest for the mathematical formula for probability density of mutual clearances among the cars in traffic stream and supports the possibility for applying the equilibrium statistical physics to the traffic modelling.
